The continued fraction method (also known as Leaver's method) is one of the most effective techniques used to determine the quasinormal modes of a black hole. For extremal black holes, however, the method does not work (since, in such a case, the event horizon is an irregular singular point of the associated wave equation). Fortunately, there exists a modified version of the method, devised by Onozawa et al. [Phys. Rev. D 53, 7033 (1996)], which works for neutral massless fields around an extremal Reissner-Nordström black hole. In this paper, we generalize the ideas of Onozawa et al. to charged massless perturbations around an extremal Reissner-Nordström black hole and to neutral massless perturbations around an extremal Kerr black hole. In particular, the existence of damped modes is analysed in detail. Similarities and differences between the results of the original continued fraction method for near extremal black holes and the results of the new continued fraction method for extremal black holes are discussed. Mode stability of extremal black holes is also investigated.
I. INTRODUCTION
Perturbation theory is used everywhere in Physics, from the three-body problem of Celestial Mechanics to Feynman diagrams of Quantum Field Theory. In General Relativity, in particular, linear perturbations of a background metric (or, similarly, linear perturbations of a spin-s field in a curved spacetime) satisfy a second order linear PDE. In some cases, e.g. if the spacetime is spherically symmetric (as in a Schwarzschild black hole) or, more generally, Petrov-type D (as in a Kerr black hole), the PDE can be transformed, by separation of variables, into a system of ODEs which is more amenable to mathematical treatment.
Historically, Regge and Wheeler, in the late 1950s, were the first to employ perturbation theory in Black Hole Physics. In their seminal paper [1] , after appropriate boundary conditions were imposed to the perturbation equations, the stability of Schwarzschild black holes was established. Later, in 1970, Vishveshwara [2] discovered a special class of solutions for the perturbation equations of Schwarzschild black holes which are characterized by a peculiar set of boundary conditions: purely outgoing waves at spatial infinity and purely ingoing waves at the event horizon. These solutions, known as quasinormal modes (QNMs), correspond to stable modes which decay in time. Assuming a time dependence of e −iωt , these modes are characterized by complex frequencies ω (the quasinormal frequencies) whose imaginary part is negative. In general, only a discrete set of quasinormal frequencies will be allowed.
Since the discovery of QNMs, several methods have been devised to determine the quasinormal frequencies of a black hole system. The simplest one consists in approximating the black hole potential by a Pöschl-Teller potential whose analytical solutions are known [3] . Another * mauricio.richartz@ufabc.edu.br approximation technique is the WKB method [4] , which is equivalent to finding the poles of the transmission coefficient of a tunnelling problem in Quantum Mechanics. One can also apply a shooting method to match the asymptotic solutions at some intermediate point, as done by Chandrasekhar and Detweiler [5] . Another important method is the direct integration of the perturbation equation in the time domain using light-cone coordinates [6] . The most accurate method, however, is the continued fraction method developed in 1985 by Leaver [7, 8] and later improved by Nollert [9] . For a detailed review on the available methods, we recommend [10] (see also [11] [12] [13] for other reviews about QNMs).
Leaver's method was inspired by a technique due to Jaffe to calculate the energy eigenvalues of the H + 2 ion. It consists in using the Frobenius method of differential equations to write the solution of the perturbation equation as a power series around the event horizon. It can be shown that this series will satisfy the QNM boundary conditions only if a certain equation involving an infinite continued fraction is also satisfied. By solving the continued fraction equation with a root finding algorithm, one is then able to determine the QNMs. Even though Leaver originally applied his method only to massless perturbations of Schwarzschild and Kerr black holes, it can be implemented in a variety of other situations [10, 13] .
In this paper, we are particularly interested in QNMs of extremal black holes. Unfortunately, Leaver's original method does not work in such cases, and the reason lies in the fact that the event horizon of an extremal black hole is an irregular singular point of the perturbation equation. Therefore, unlike the case of non-extremal black holes (for which the event horizon is a regular singular point), one does not expect a non-zero radius of convergence of the associated power series around the event horizon. In 1996, however, Onozawa et al. [14] successfully devised a modification of Leaver's original method for an extremal RN black hole which does not rely on expansions around the event horizon. Instead, they ex-pand the solution around an ordinary point of the differential equation. Following the ideas of Onozawa et al., we show in this paper (Secs. II and III) how to modify the original continued fraction method to calculate the QNMs of an extremal Kerr black hole. We also apply the method to spin-0 and spin-1/2 charged perturbations around an extremal RN black hole, generalizing the results of Onozawa et al. for non-neutral fields. Our numerical results, including a detailed analysis of the socalled damped modes for extremal Kerr black holes and a mode stability investigation, are presented in Sec. IV, followed by our final remarks in Sec. V.
II. FIELD DYNAMICS
According to the black hole uniqueness theorems [15, 16] , under reasonable conditions, the Kerr metric is the only stationary axisymmetric black hole solution of the vacuum Einstein field equations while the RN metric is the only spherically symmetric black hole solution of the Einstein-Maxwell field equations. The first one describes the spacetime of a rotating black hole with mass M and specific angular momentum a ≤ M , and the second one describes an electrically charged black hole of mass M and charge Q ≤ M (throughout this paper we use units in which G = c = 1).
The Kerr line element, in Boyer-Lindquist coordinates (t, r, θ, φ), is given by
where ρ 2 = r 2 + a 2 cos 2 θ and ∆ = r 2 − 2M r + a 2 . If a < M , the roots of the ∆ function, namely r + = M + √ M 2 − a 2 and r − = M − √ M 2 − a 2 , correspond respectively to the event horizon and the Cauchy surface of the black hole. If a = M , these two surfaces merge into the surface r + = r − = M , which corresponds to the event horizon of an extremal Kerr black hole. Finally, if a < M , there is no event horizon and the metric corresponds to a naked singularity at r = 0.
In the early 1970s, Teukolsky derived one of the most notable facts about the Kerr metric: that its perturbations are separable (in the frequency domain) when the Newman-Penrose formalism is employed [17] . In fact, let ψ describe any neutral, massless spin-s field (|s| = 0, 1/2, 1, 2) and write the corresponding wave equation in the Kerr background using the ansatz ψ = R(r)S(θ)e imφ−iωt . As a result, the wave equation reduces to the so-called Teukolsky equations [17, 18] for S(θ) and R(r):
3) where λ is a separation constant, K = ω(r 2 + a 2 ) − am, and X = 4isωr + 2maω − a 2 ω 2 − λ. The description of a charged black hole system is similar. The RN line element is given by
where ∆ = r 2 −2M r +Q 2 . Its event horizon is located at r + = M + M 2 − Q 2 , which reduces to r + = M in the extremal case (Q = M ). Furthermore, the study of spin-0 and spin-1/2 electrically charged, massless fields around a RN black hole can be simplified if the same ansatz used for Kerr perturbations is employed. Indeed, by doing so, one can show that the Klein-Gordon and the Dirac equations, in the RN metric, can be separated and recast as new equations which are analogous to the Teukolsky equations [19, 20] . The angular equation assumes the form (2.2) with aω = 0, while the radial one assumes the form (2.3) with K = ωr 2 −qQr and X = 4isωr−2isqQ−λ (q denotes the charge of the field).
In order to solve the perturbation equations (2.2) and (2.3), one needs appropriate boundary conditions. For the angular function, it is natural to require regularity at the singular points θ = 0 and θ = π, transforming eq. (2.2) into a Sturm-Liouville problem for the separation constant. For a given set of parameters aω, s and m, only a discrete set (indexed by the new parameter ) of constants λ is allowed. The associated functions are called the spin-weighted spheroidal harmonics [18, 21] . In the particular case of aω = 0, valid for the RN metric, these angular functions reduce to the spin-weighted spherical harmonics, for which the separation constant can be determined analytically as λ = ( − s)( + s + 1). Additionally, the parameters satisfy the following constraints: m is an integer (bosonic case) or a half-integer (fermionic case), is a non-negative integer (bosonic case) or a non-negative half-integer (fermionic case), ≥ |s|, and − ≤ m ≤ . Regarding the radial equation, on the other hand, we impose the usual boundary conditions for QNMs: purely ingoing modes at the event horizon (since no classical perturbation can escape the black hole) and purely outgoing modes in the asymptotic limit r → ∞. In these limits, eq. (2.3) can be solved analytically, yielding the following boundary conditions (for an extremal black hole): 6) where J 0 = iM (2M ω − m), J 1 = −2s − 2iM ω, and J 2 = −1 + 4iM ω in the case of an extremal Kerr black hole, and J 0 = iM (M ω − qQ), J 1 = −2s − 2iM ω + iqQ, and J 2 = −1 + 4iM ω − 2iqQ for an extremal RN black hole.
III. CONTINUED FRACTION METHOD
As explained in the introduction, the original continued fraction method devised by Leaver, which consists in expressing the solution of the radial Teukolsky equation as a power series around the event horizon, works only for non-extremal black holes. Therefore, inspired by the ideas of Ref. [14] for neutral perturbations around an extremal RN black hole, we expand the solutions of the radial equation (2.3) around the ordinary point r = 2M . More precisely, we write
where the expansion coefficients a n satisfy a five-term recurrence relation (the last equation holds for n ≥ 3):
3) α n a n+1 + β n a n + γ n a n−1 + δ n a n−2 + n a n−3 = 0.
(3.4)
The coefficients α n , β n , γ n , δ n and n , for both Kerr and RN extremal black holes, are given explicitly in the Appendix. Note that the boundary conditions (2.5) and (2.6) are automatically satisfied provided that the power series is everywhere convergent. One possible way to test convergence is to analyse the large-n behaviour of a n+1 /a n . Using (3.4) , it is possible to find four different asymptotic solutions, namely
and a n+1 a n = −1 ± 2
Since |a n+1 /a n | → 1 in all four cases, the ratio test guarantees that the sum in (3.1) is convergent as long as M < r < ∞. However, convergence at r = M and at r = ∞, i.e. absolute convergence of the sum a n , is also needed to ensure the fulfilment of the QNM boundary conditions. With the help of Raabe's test, we find that the solutions associated with the minus sign in (3.5) or the plus sign in (3.6) are compatible with QNMs. The only exception happens when iM ω or J 0 are positive real numbers, since then the coefficient of the n −1/2 term becomes purely imaginary [9] . Equation (3.4), being a five-term linear recurrence relation, possesses four independent solutions, each one yielding one of the four possible asymptotic behaviours discussed above. (In other words, one has the freedom to choose a 0 , a 1 , a 2 and a 3 , from which all the other a n 's will be determined.) Futhermore, equations (3.2) and (3.3) can be thought as boundary conditions for (3.4), reducing the degrees of freedom from 4 to 2. Equivalently, one can perform two successive Gaussian eliminations in (3.4) to transform eqs. (3.2)-(3.4) into a three-term recurrence relation for a n : α n a n+1 + β n a n + γ n a n−1 = 0, For a given frequency ω, this three-term recurrence relation possesses two linearly independent solutions. In general, these solutions will produce divergent sums a n and, therefore, will be incompatible with the QNM boundary conditions. Consequently, in order to determine the QNMs, we need to find the frequencies ω for which one of the solutions of (3.7) will satisfy the convergence condition discussed above (and related to the asymptotic behaviour of a n+1 /a n ).
Note that the absolute convergence of the series a n is equivalent to the convergence of the sums c n := a 2n and d n := a 2n+1 . By rearranging and manipulating the three-term recurrence relation (3.7) for three successive integers, one can eliminate all evennumbered (or, similarly, all odd-numbered) terms from the equations to decouple c n from d n , obtaining 9) where the new recurrence coefficients are given in terms of the original ones in eqs. (A.25) and (A.27) . See the Appendix for all the details of the decoupling process. We remark that the decoupling in Ref. [14] assumes that the coefficient δ n is zero, while our decoupling works for δ n = 0. We now invoke the theory of three-term recurrence relations, and its relation to continued fractions [22] , to determine the quasinormal frequencies. More precisely, we use the fact that a n is a minimal solution of (3.7) if, and only if, the infinite continued fraction
Furthermore, in case of convergence, the minimal solution satisfies
Of course, similar expressions will hold for c 1 /c 0 and d 1 /d 0 provided that c n and d n are, respectively, minimal solutions of the recurrence relations (3.8) and (3.9). As noted by Leaver for non-extremal black holes, minimal solutions are exactly the ones which correspond to the QNM boundary conditions. These continued fractions are not all independent; they can be related through (3.2). More precisely, after dividing (3.2) by a 0 , we use relation (3.10) above (and the analogous expression for c 1 /c 0 ) to obtain
Alternatively, we could have used (3.2) and (3.3) to obtain
which relates the even and odd numbered sequences after we substitute c 1 /c 0 and d 1 /d 0 by their associated continued fractions. Both equations (3.11) and (3.12) are equivalent and, therefore, the results of any of them can be used as a consistency check for the results obtained with the other one.
For an extremal RN black hole, since the separation constant λ can be determined analytically, one can directly solve the continued fraction equation (3.11) to determine the quasinormal modes. However, for an extremal Kerr black hole, since not only ω, but also the separation constant λ is not known a priori, we also need to solve the angular Teukolsky equation numerically. The mathematical treatment is exactly the same one used for non-extremal black holes [7] : we define u = cos θ and expand the solution S(u) around the regular singular point u = −1 using the ansatz
which, together with (3.11), can be used to determine the QNMs of an extremal Kerr black hole.
IV. NUMERICAL RESULTS
We now proceed to employ the technique described in the previous section to determine the QNMs of extremal black holes. For a RN black hole, we directly solve eq. (3.11) for the unknown ω. For a Kerr black hole, on the other hand, equations (3.11) and (3.19) form a system of coupled, algebraic equations for λ and ω and, therefore, need to be solved simultaneously. In both cases, we truncate the continued fractions at some sufficiently large order and use a root-finding algorithm to solve the corresponding equation(s) for the unknown(s). We then increase the number of terms in the continued fractions and repeat the procedure until the desired accuracy is attained. We also compare our results for extremal black holes with the quasinormal frequencies of near extremal black holes (a/M = 0.999 or Q/M = 0.999), which we calculate using Leaver's original method. Our implementation of Leaver's method follows the steps discussed in [7] for a Kerr black hole and in [23] for a RN black hole, and, therefore, is not repeated here. In order to test it, we have used the tabulated values of Refs. [7, 23, 24] , finding excellent agreement between them and our implementation.
As explained in Refs. [7, 10, 21] , the spheroidal harmonics are invariant under the transformation (s → −s, λ → λ + 2s). This means that the Kerr black hole system is symmetric with respect to the transformation (m → −m, ω → −ω * , λ → λ * ). The RN black hole system, on the other hand, is symmetric with respect to the transformation (q → −q, ω → −ω * ). Consequently, without loss of generality, we can assume (unless otherwise stated) that s is non-positive and that Re(M ω) > 0.
A. Extremal Kerr black holes
We start our analysis with m = 0 perturbations around a Kerr black hole. The quasinormal frequencies of an extremal black hole, together with the quasinormal frequencies of a near extremal black hole, are presented in table I. The associated separation constants λ are also shown. Note that the relative difference between the results is minimal: for Re(M ω), it ranges from 0.008% (s = −1, = 2, n = 1) to 0.04% (s = = 0, n = 1), and for Im(M ω) it ranges from 0.004% (s = = 0, n = 1) to 0.13% (s = −2, = 2, n = 0). On the one hand, our results show that the use of Leaver's method for near extremal Kerr black holes is an excellent way to estimate TABLE I. Comparison of the QNM frequencies M ω and the associated separation constants λ between a near extremal (a/M = 0.999) and an extremal Kerr black hole for m = 0. For each set of parameters s and , we have calculated the least damped mode (n = 0) and the first overtone (n = 1). the actual values for the extremal case. On the other hand, our method provides the most accurate technique available for the determination of QNMs of extremal Kerr black holes.
We now turn our attention to Kerr QNMs with m > 0 (corotating modes). As first predicted by Detweiler in [25] after an analytical treatment of the near extremal regime, when the black hole approaches extremality, its quasinormal frequencies approach the purely real value M ω = m/2. This behaviour, further studied in Refs. [26] [27] [28] [29] [30] [31] , suggests the existence of QNMs with exactly vanishing imaginary parts for extremal Kerr black holes. Ideally, we would like to apply the continued fraction method to determine if these QNMs modes with vanishing imaginary parts are indeed part of the quasinormal spectrum of extremal black holes. However, when M ω = m/2, there is no guarantee that the method will work, since we have J 0 = 0 and, therefore, (2.5) is not correct anymore. Nevertheless, as we increase the number of terms in the continued fractions, the solutions of eqs. (3.11) and (3.19) seem to indeed approach M ω = m/2.
Besides these zero-damping modes, near extremal Kerr black holes exhibit, for some set of parameters and m, QNMs whose imaginary part approaches a non-zero value as a/M → 1 [30] [31] [32] . These modes, referred to as damped modes, can be obtained for extremal black holes using the method discussed in this paper. In particular, the damped modes we obtain for s = −2, = 2, m = 1 and s = 0, = 10, m = 7, presented in Fig. 1 , are compatible with those obtained in Figs. 8 and 9 of Ref. [31] for near extremal black holes.
We also analyse the damped modes for s = 0, = 2, m = 1, which were discussed in Appendix D of Ref. [31] due to their peculiar behaviour. Our results, shown in Fig. 2 together with the zero-damped modes, are in agreement with Fig. 14 of Ref. [31] . In particular, we were able to resolve the spiralling behaviour of the third damped mode as a/M is increased.
The condition for the existence of such damped modes is given by 0 < m/( + 1/2) 0.744 and, even though this criteria was found using the eikonal limit |s|, it has been shown to be accurate even for low . Recently, however, Hod [33] argued that these modes should be present even when this condition is not satisfied. Zimmerman et al. [34] , using numerical techniques, were not able to find any of these modes when the condition does not hold.
In our numerical simulations, we chose to study not only the scalar and gravitational perturbations considered in Refs. [30, 31] , but also Dirac and electromagnetic fields. By varying and m, we search for damped modes of extremal Kerr black holes and perform, for the first time, a detailed analysis of their behaviour as the parameters change. Our results are presented in tables II-V: for those pairs ( , m) for which damped modes were found, the fundamental frequency is calculated. These frequencies, and the associated separation constants, are plotted in Fig. 3 . In general, for fixed m, when increases, the fundamental damped modes oscillate more rapidly and become less stable. The real and imaginary parts of the associated separation constants λ increase [following closely the spin-weighted spherical harmonics eigenvalues ( −s)( +s+1)]. On the other hand, for fixed , when m increases, the fundamental damped modes also oscillate more rapidly, but become more stable. The real and imaginary parts of the separation constants λ both decrease.
Our findings are summarized in Fig. 4 , where we indicate which triplets (s, , m) allow the existence of damped modes. In particular, for s = 0 and s = −2, our results are in complete agreement with Fig. I of Ref. [30] . Therefore, regarding the controversy surrounding the unrestricted existence of damped modes, our results are in agreement with Refs. [30, 34] . In particular, following the discussion in Ref. [34] , we have searched around M ω = m/2 + (0.162 − i0.035)e −1.532n for possible solutions of eqs. but no damped QNM solution was found. Finally, for m < 0 (counter-rotating modes), only damped modes are allowed. Once again, we compare our numerical results with the QNMs of a near extremal Kerr black hole for several parameters s, , and m, as shown in table VI. Similarly to the m = 0 case, we find excellent agreement between the results.
B. Extremal RN black holes
The first (and, until now, only) work to discuss the implementation of a continued fraction technique to extremal black holes was Ref. [14] . As explained before, they considered only neutral perturbations of extremal RN black holes and their implementation relied on the fact that the coefficient δ n in eq. (3.4) vanishes for scalar, electromagnetic, and gravitational fields (spin-1/2 perturbations were not considered). Our analysis for extremal RN black holes, on the other hand, considers spin-0 and spin-1/2 charged perturbations. Furthermore, our technique works when δ n = 0, which is always the case for charged perturbations around an extremal black hole (and also for neutral perturbations around an extremal Kerr black hole). Contrary to Kerr QNMs, RN QNMs do not depend on the azimuthal number m. They depend, however, on an analogous (dimensionless) quantity, qQ, which accounts for the electromagnetic interaction between the black hole and the perturbation field. Additionally, while m is a discrete parameter, qQ is continuous. Having this in mind, we now analyse the behaviour of the quasinormal frequencies for an extremal RN black hole as the electromagnetic interaction term is varied.
In our simulations, we start from |qQ| 1 and track the quasinormal modes as qQ increases. Our results, presented in tables VII and VIII for several combinations of the parameters s, , and n, demonstrate that the quasinormal frequencies for extremal RN black holes are in excellent agreement with the QN frequencies of a near extremal black hole for qQ 0.1. In particular, for s = 0, as qQ → 0, our results approach the values calculated in Ref. [14] for neutral perturbations. As |qQ| is increased, however, we find unexpected results.
The first unexpected result concerns negative qQ (electromagnetic attraction). Specifically, as qQ becomes more negative, it has been recently found [23, 35] that, for non-extremal black holes, there is a special point at which the real part of the fundamental quasinormal frequency becomes zero and its quasinormal branch is suddenly interrupted. In our numerical simulations for an extremal black hole, on the other hand, we have observed that the QNM branch does not disappear. This behaviour seems to be very general, occurring for the fundamental QNM and the first overtone of scalar and Dirac perturbations, as shown in Fig. 5 . A possible explanation for this difference is the fact that the analysis of convergence of the power series expansion in the continued fraction method breaks down when ω is a pure negative imaginary number, which is exactly what happens for near extremal black holes at the critical point. In principle, this is TABLE VI. Comparison of the QNM frequencies M ω and the associated separation constants λ between a near extremal (a/M = 0.999) and an extremal Kerr black hole for m < 0. For each set of parameters s, , and m < 0, we have calculated the least damped mode (n = 0) and the the first overtone (n = 1). also a problem for extremal black holes. However, as we increase the number of terms in the continued fraction truncations, the real part of the frequency of the QNMs seems to approach zero assymptotically as qQ → −∞.
The second unexpected result occurs for positive qQ (electromagnetic repulsion). As qQ increases, the quasinormal frequencies of a near extremal and an extremal black hole behave quite differently. This can be observed in Fig. 6 for the fundamental frequency and the first overtone of scalar and Dirac perturbations. One might argue that, since Re(ω) → qQ as qQ increases [23, 35, 36] , J 0 tends to become a positive real number and, therefore, convergence of the continued fraction method becomes compromised (as discussed in Sec. III). While it is true that convergence becomes slower as qQ increases, by increasing the number of terms in the continued fractions, we were able to obtain accurate results for the range of parameters considered in this study.
C. Mode stability of extremal black holes
The final section is devoted to an analysis of the stability of extremal black holes. As explained in Ref. [37] , there exists three different notions of black hole stability: mode stability, linear stability and non-linear stability. The first one does not necessarily imply the second one, and the second one does not imply the third. Mode stability is related to the existence of QNMs with positive imaginary parts and, therefore, can be studied with the method described in this paper.
Mode stability was established in Ref. [38] for nonextremal Kerr black holes and in Ref. [39] for nonextremal Kerr-Newman black holes. In this work we address whether or not extremal Kerr and RN black holes are mode stable by searching for QNMs with positive imaginary parts. For extremal Kerr black holes, we start by solving, for several values of s, and m, the continued fraction equations (3.11) and (3.19) (with 1000 terms) using as an initial guess for nary part is found, the procedure is repeated with more terms in the continued fractions in order to confirm the results. For extremal RN black holes we proceed similarly, solving the continued fraction equation (3.11) for several values of s, , and qQ. Additionally, we also make contour plots of the logarithm of the LHS of equation (3.11) as a function of Re(M ω) and Im(M ω). If any unstable mode is suspected from such plots, we use the corresponding value of the frequency as an initial guess in the root finding algorithm to confirm the result. We report that no quasinormal frequencies with positive imaginary parts have been found (neither for extremal Kerr black holes nor for extremal RN black holes), indicating that these extremal black holes, like their nonextremal counterparts, are mode stable.
In order to illustrate our search, we exhibit some of the plots obtained for scalar perturbations with = 1 and qQ = 10 around an extremal RN black hole. In particular, note that the plots in Fig. 7 suggest that solutions with positive imaginary parts might exist around M ω = 0 and around M ω = qQ = 10. However, as the number of terms in the continued fractions is increased, the minimum points of the contour plots move towards Im(M ω) = 0 (see Fig. 8 ). The same behaviour is found when attempting to solve equation (3.11) : as the number of terms in the continued fractions is increased, its solutions move towards the real axis, meaning that the continued fractions do not converge.
Conversely, the (stable) quasinormal modes found using our method are indeed convergent solutions. In Fig. 9 we illustrate this result graphically for the case s = 0, = 1, qQ = 0.1. One can see that, as the number of terms in the continued fractions is increased, the location of the maxima remain unchanged. As explained in Sec. IV, every time a solution was found, we increased the number of terms in equation (3.11) to confirm the result.
V. FINAL REMARKS
In this paper, inspired by the ideas of Ref. [14] , we have successfully implemented a continued fraction method to determine the QNMs of neutral massless perturbations around an extremal Kerr black hole and the QNMs of charged massless perturbations around an extremal RN black hole (we remark the unified framework employed, which is applicable in both situations). Starting with the perturbation equations (2.2) and (2.3), we set (exactly) a = M or Q = M and, using the asymptotic behaviour given in (2.5) and (2.6), write a power series solution of the radial equation around the ordinary point r = 2M .
We were able to obtain the quasinormal frequencies for arbitrary values of the parameters s, , m and qQ. Our results agree with Leaver's original continued fraction method for near extremal black holes, as explicitly shown in tables I,VI-VIII. Our results also agree with previous results in the literature for near extremal Kerr black holes [7, 24, 40] and for near extremal RN black holes [23, 35] . In particular, for m = 0, our numerical calculations, as shown in tables II and V, and in Fig. 1 , are compatible with the scalar and gravitational damped modes of near extremal Kerr black holes, which were studied in Refs. [30, 31] . Besides extending the analysis of Refs. [30, 31] to Dirac and electromagnetic fields, we have studied in detail the behaviour of the most stable damped modes as the parameters and m are varied.
It is important to note that the asymptotic behaviour of the solution of the radial perturbation equation of a near extremal black hole is not the same as (2.5), which holds only for extremal black holes. The remarkable agreement that we have observed between the QNMs of near extremal and extremal black holes, for most sets of parameters s, , m and qQ, supports the idea that the QNM limit of extremal black holes is continuous. Nevertheless, there are some important differences, as observed in Figs. 5 and 6. In particular, contrary to extremal RN black holes, near extremal black holes exhibit critical values of the electromagnetic parameter below which the quasinormal branches disappear. Moreover, as the electromagnetic interaction increases, notable differences between the quasinormal frequencies of extremal and near extremal RN black holes emerge.
We would also like to remark that another commonly used method, the WKB method, besides being an approximation, becomes less accurate as the extremal limit is approached [41] (see also Ref. [31] for an implementation which works for near extremal black holes, but only in the eikonal limit). Since the original continued fraction method fails when a = M or Q = M , our implementation of the ideas of Ref. [14] in such a case provides the most accurate method to determine the QNMs of an extremal Kerr black hole and the QNMs of charged perturbations around an extremal RN black hole.
Finally, we point out that we have found no quasinormal frequencies which possess positive imaginary parts, indicating that extremal Kerr and extremal RN black holes are mode stable. Onozawa et. al, similarly, did not report finding unstable modes related to (uncharged) perturbations around an extremal RN black hole [14] . Recently, however, extremal RN and Kerr black holes have been shown to be linearly unstable. The first results were obtained by Aretakis in Refs. [42] [43] [44] [45] . Later, inspired by Aretakis' works, Lucietti and Reall [46] have shown that extremal Kerr black holes are unstable under linearized gravitational and electromagnetic perturbations. There might be, however a connection between zero-damping modes and these linear instabilities. While for near extremal black holes the zero-damping modes have small (but non-zero) negative imaginary parts, it is believed that, for extremal black holes, they are purely real [26] [27] [28] [29] . There has been some suggestions that these purely real modes are related to instabilities [23, 25] , but whether this is really the case (and their relation with these linear instabilities) has yet to be established. The coefficients for the 5-term recurrence relation (3.4) are given explicitly by α n = n 2 + n, β n = P 1 n, (A.1)
where
(A.8) P 5 = −4(im − iM ω + s)(1 + 4iM ω), (A.9) P 6 = −3 − 8iM ω, (A.10) 11) for an extremal Kerr black hole, and P 1 = 4(iqQ − s), (A.12) P 2 = 2(1 − 6iqQ + 12iM ω), (A.13) P 3 = −2[1 − 3iqQ + 2s + 2λ + 6iM ω (A.14) − 2(qQ − 4M ω)(3qQ − 4M ω)], (A.15) P 4 = 4(iqQ + s), (A.16) P 5 = −4(iqQ + s)(1 − 2iqQ + 4iM ω), (A.17) P 6 = −3 + 4iqQ − 8iM ω, (A.18) P 7 = 2(1 − 2iqQ + 4iM ω)(1 − iqQ + 2iM ω), (A. 19) for an extremal RN black hole. In order to reduce the 5-term recurrence relation (3.4) to a 3-term recurrence relation, we use a double gaussian elimination procedure [8, 14] . We define α n a n+1 + β n a n + γ n a n−1 = 0, n ≥ 1. (A.22)
This 3-term recurrence relation couples even (a 2n ) and odd (a 2n+1 ) expansion coefficients. In order to decouple them, we proceed as follows. First, we write (A.22) for 2n + 1 and solve for a 2n+2 . Next, we write (A.22) for 2n, solve for a 2n , and plug the result into the expression obtained earlier for a 2n+2 , resulting in a 2n+2 = − β 2n+1 α 2n+1 a 2n+1 + γ 2n+1 (α 2n a 2n+1 + γ 2n a 2n−1 ) α 2n+1 β 2n .
(A.23) Finally, we substitute this expression into (A.22) for 2n + 2, successfully decoupling the odd terms from the even: From left to right, the panels correspond respectively to 1000, 1400 and 2000 terms in the continued fractions. Unlike the contour plots in Fig. 8 , as the number of terms is increased, the minima do not move. The precise location of these quasinormal modes is calculated in Table VII . We also note that the point located at M ω ≈ 0.38 − 0.3i is a local maxima and, consequently, not a solution of (3.11).
where d n = a 2n+1 and the recurrence coefficients are given by Note that, while the original decoupling procedure of Ref. [14] only works when δ n = 0, our decoupling works for δ n = 0 (which is the case in all scenarios we have analysed in this paper).
